Abstract We report on a computational parameter space study of mixing protocols for a half-full bi-axial spherical granular tumbler. The quality of mixing is quantified via the intensity of segregation (concentration variance) and computed as a function of three system parameters: angles of rotation about each tumbler axis and the flowing layer depth. Only the symmetric case is considered in which the flowing layer depth is the same for each rotation. We also consider the dependence onR, which parametrizes the concentric spheroids ("shells") that comprise the volume of the tumbler. The intensity of segregation is computed over 100 periods of the mixing protocol for each choice of parameters. Each curve is classified via a time constant, τ, and an asymptotic mixing value, bias. We find that most choices of angles and most shells throughout the tumbler volume mix well, with mixing near the center of the tumbler being consistently faster (small τ) and more complete (small bias). We conclude with examples and discussion of the pathological mixing behaviors of the outliers in the so-called τ-bias scatterplots.
Introduction
Most granular flows encountered in nature and industry are three-dimensional (3D). However, the mathematical modeling and analysis, and the experimental and computational visualization of 3D flows remains a challenge. Yet, 3D granular flows reveal many features of complex systems far from equilibrium. Rotating drums, also known as tumblers, are one of six fundamental systems in which dense granular flows are studied [1] and are a common device in the pharmaceutical and other powder processing industries [2] . Here, we consider a simple, but realistic, analyticallytractable 3D granular flow termed the blinking spherical tumbler flow because of its analogy to an early example of 2D chaotic mixing [3] : the blinking vortex flow [4] .
A quasi-3D granular flow, specifically weak rocking motions of a rotating cylindrical container, appears to be one of the first experimentally and numerically studied examples [5] . More recently, spherical tumblers were analyzed experimentally and computationally [6, 7, 8, 9] . Through a dynamical systems framework, it has become possible to gain a deeper understanding of how mixing and segregation manifest themselves in these 3D systems [8, 10, 11] . Even so, chaotic transport and mixing in 3D flows remains relatively unexplored, especially given the great variety of new (i.e., distinct from those in 2D) behaviors possible [12] .
In the present work, we are interested in quantifying mixing in a 3D chaotic granular flow. Although many recent studies have focused on understanding the kinematic structures created by 3D chaotic flows and maps, only a few studies quantify mixing in a global way for genuinely 3D flows: e.g., via numerical simulations in a cavity flow with translating side-walls [13, 14] and in an "ABC" flow [15] , and via experiments in a container with counter-rotating lids [16] and for granular flows in blade and bin blenders [17, 2, 18] . Given the uniquely distinct dynamics of granular flow in a bi-axial spherical tumbler, here we seek to connect the "degree of mixing" to the independent parameters of this system and to also understand how mixing varies across the volume of a half-full tumbler. To this end, we present a parametric study of mixing in the so-called symmetric case of a half-full blinking spherical tumbler using the technique of τ-bias scatterplots [19] .
Continuum Model of Granular Flow in a Spherical Tumbler
In this section, we summarize only the necessary details of the continuum model (see, e.g., [8, 20] for derivations) for the kinematics of granular flow in the continuousflow (rolling) regime of a half-full spherical tumbler rotated about two orthogonal axes (for the present purposes, the z-and x-axes as shown in Fig. 1 ).
Without loss of generality, we take the first rotation of the half-full spherical tumbler of radius R to be clockwise about the z-axis at a rate of ω z (> 0) for a duration T z . We employ a Cartesian coordinate system with its origin at the center of the sphere, the initial streamwise direction is along the x-axis, and the transverse Fig. 1 Schematic of a halffull blinking spherical tumbler. Streamlines are shown in the cross-sections for rotation around the (a) z-and (b) x-axis. Flow in each crosssection consists of solid body rotation in the bulk, followed by a rapid cascade down a thin flowing layer at the free surface. Reproduced with permission from [7] .
(a)
direction is along the z-axis. The streamwise velocity v x varies linearly with the depth y in the flowing layer so that the shear rateγ z = ∂ v x /∂ y is constant. 1 We make x, y, z, L, δ dimensionless by rescaling by 1/R and t is made dimensionless by rescaling by ω z (for rotation about the z-axis) or ω x (for rotation about the x-axis). The velocity field in the bulk (bed of solid body rotation) is theṅ
The boundary of the flowing layer [8, 10, 11] is the surface
are the local (dimensionless) depth and half-length of the flowing layer, respectively. Naturally, the definition of ε z := δ 0 (0)/L(0) ≡ ω z /γ z as the maximal depth at x = z = 0 follows since L(0) = 1. Meanwhile, the velocity field in the flowing layer [8, 10, 11] can be written aṡ
In dimensionless units, the tumbler is rotated about the z-axis by the angle θ z = ω z T z . The blinking spherical tumbler protocol alternates between rotations about two orthogonal axes (Fig. 1) . Once the rotation about the z-axis is complete, a rotation about the x-axis at constant rate ω x for a duration T x follows, 2 with the streamwise direction now along the z-axis and Eqs. (1)-(3) still holding after formally exchanging "x" and "z." Specifically, the interface between the flowing layer and the bulk for rotation about the x-axis is given by
. We refer to this as the symmetric case. Naturally, ε z = ε x will be termed the non-symmetric case. It is important to note that 1 In an experiment, the flowing layer is at an angle with respect to the horizontal, while, in the model, the coordinate system is rotated backwards by this fixed angle. Also, we assume that the effects of side-walls and transport in the transverse direction are negligible. 2 In an experiment, several intermediate steps are performed between the rotations [8] , however, as far as the mathematical analysis is concerned, the rotations are completely independent. different values for ε z and ε x arise in physical systems due to different rotation rates ω z and ω x [21] . Thus, the symmetric case occurs for identical rotation rates about the two axes, while the non-symmetric case arises from different rotation rates.
Parametric Study of Mixing in the Symmetric Case
While previous studies [8, 10, 11] have focused on the qualitative structure of the template for chaotic transport in the blinking spherical tumbler, here we study the "quality of mixing" quantitatively by measuring the decay of the variance of the concentration of a species. For the remainder of the discussion, we restrict the analysis to the symmetric case (i.e., ε z = ε x ) of the half-full blinking spherical tumbler, and we fix the initial condition (IC) such that tracer particles within the quarter-sphere
are colored gray at n = 0, while those in the remainder of the filled volume (i.e.,
From the assumption of ε z = ε x , as shown in [10, 11] , it follows that trajectories of these tracer particles are restricted to 2D invariant surfaces, which are hemispherical in the bulk, determined by their ICs [11] . Therefore, it is convenient to introduce the "artificial" parameter, termed the shell radius,R ∈ (ε z , 1) that denotes the (constant) radius from the origin of the hemispherical bulk portion of the 2D invariant surfaces upon which tracer particles are restricted. Since the dynamics depend strongly upon which hemispherical shell is considered [11] , the shell radiusR is a useful parameter.
Given the non-dimensionalization introduced in Section 2, it is clear there are four independent parameter in our model of the half-full blinking spherical tumbler, namely ε z , ε x , θ z and θ x . Indeed, in a quasi-2D experiment, there are only four quantities that vary independently once the tumbler and granular material are chosen [21] . Specifically, fixing the rotation rate in the laboratory yields unique values for the shear rate and maximal depth of the flowing layer, though the precise functional relationships remains a topic of research (see, e.g., [21] and the references therein). In our model, we set the flowing layer depth, which is thus equivalent to setting the rotation rate in an experiment. Additionally, in our model there may be different angles of rotation about each axis but the flowing layer depths for rotation about each axis are equal (ε x = ε x ) because we have limited the analysis to the symmetric case. Therefore, includingR, there are four independent parameters.
With this in mind, we can "bin" (see [20, Appendix B] for details) the part of the invariant surface in the bulk into N × N surface elements, each of area A i . For the sake of simplicity we construct bins with equal areas, i.e., A i ≡ A ∀i. In each, we uniformly distribute M b × M b tracer particles throughout the area. Then, these particles are advected for p flow periods, where the flow period is the total time required to complete a rotation about each of the two axes (i.e., an iteration of the blinking protocol). Finally, the concentration c i of gray (equivalently, black) tracer particles can be computed in each of the original bins as c i = # g,i /(# g,i + # b,i ), where # g,i and # b,i denote the number of gray and black particles in the ith bin, respectively. Following Danckwerts [22] , consider the first moment (mean) of this distribution:
where the last equality follows from the fact that A i ≡ A ∀i. Then, the second moment (variance) of the distribution of concentrations is given by
It is convenient to normalize c by introducing the intensity of segregation [22] :
where now 0 ≤ I ≤ 1 with I = 0 and 1 corresponding to perfect mixing (i.e., c = c everywhere) and perfect segregation (i.e., c = 0 or 1 for any given surface element in the domain), respectively. For the simulations presented below, we divide the bulk (hemispherical) portion of the 2D invariant surface on which the dynamics are restricted into N = 14 longitudinal and N = 14 latitudinal bins with M p × M p = 10 2 uniformly distributed tracers in each (⇒ 19, 600 tracers total). These are advected for a total for p = 200 flow periods using the exact solution for rotations about the z-and x-axis given in [20, 11] . The intensity of segregation I (n) is tracked as a function of the period n = 1, . . . , p. Following [19] , using MATLAB's Curve Fitting Toolbox we find τ and bias such that the fit based on the following ansatz is "best" in a least-squares sense: 3 I (n) ∼ (I (0) − bias) e −n/τ + bias,
where I (0) = 1 for the chosen completely segregated IC. Note that τ is dimensionless and has the meaning of "number of periods," while bias allows for cases where I 0 as n → ∞ (see, e.g., the discussion in [23] ). An example is shown in Fig. 2 for two different values of θ z and θ x and at two shell radiiR. The left images show the mixing of gray and black 100 iterations after starting completely segregated. The right graphs show the decay of I . In both cases, I starts at 1 due to the completely segregated IC. The case in Fig. 2(a) mixes to some extent but not completely after 100 iterations, resulting in a relative large bias of 0.15. The case in Fig. 2(b) mixes quickly and completely resulting in a smaller τ than the case in Fig. 2(a) and a bias of almost 0. Therefore, we have two numbers, i.e., τ and bias, that measure the "quality of mixing" for each numerical mixing experiment-τ is a time constant measuring how quickly the mixture is homogenized, while bias is a measure of how thoroughly the asymptotic state is mixed. Large bias corresponds to incomplete mixing and suggests the presence of large unmixed Kolmogorov-Arnold-Moser (KAM) "islands." Meanwhile, a large τ corresponds to slow mixing, say on a surface with large area with sub-optimal choice of rotation angles. Finally, a low τ and a low bias correspond to "good" mixing as the homogenization of the segregated IC is fast and thorough. Next, we study how τ and bias vary with the parameters of the model.
The most natural parameters to vary are the angles of rotation about each axis, θ z and θ x , and the shell radiusR. Additionally, ε z (≡ ε x in the symmetric case) can be varied, corresponding to a different type of granular material in the tumbler or a different rotation rate. To ascertain the effect of the variation of θ z , θ x andR, in of 28 cm diameter rotating at 0.168 rad/s, and (b) ε z = 0.05, a thinner flowing layer observed for 1.16 mm steel beads in this same tumbler rotating at 0.052 rad/s [24] . 4 Each data point in Fig. 3 is color-coded as follows: it has an red-green-blue (RGB) additive color intensity with %R given by θ z /(2π), %G given by θ x /(2π) and %B given byR. Hence, data points in the blue spectrum correspond to angles of rotation close to 5 • and shell radiiR close to 1. Similarly, data points that appear orange correspond to angles of rotation close to 355 • but shell radii close to ε z + 0.1. Likewise, white corresponds to both θ z and θ x near 355 • withR near 1, and so forth.
First, consider the black-blue-purple range of colors of data points, which correspond to θ z and θ x both near 5 • for a variety ofR. It is immediately clear that these represent the majority of the "outliers" in the scatterplots in Fig. 3 . To see why, recall that our IC is symmetric about z = 0 and anti-symmetric about x = 0. In addition, θ z is the angle of rotation about the z-axis, which is the first axis of rotation in this protocol. It follows that for values of θ z close to 5 • , the IC is barely altered by the rotation about the first axis. Then, since the angle of rotation about the second axis is small (θ x near 5 • for these data points), the almost-z-symmetric state that the mixture is left in leads to very little re-arrangement of the material during the second rotation. Figures 2(a) and 5(a) illustrates a typical such scenario for ε z (= ε x ) = 0.15 and ε z (= ε x ) = 0.15, respectively. We term it "lots of cutting but no shuffling," using the terminology introduced in [10, 7] , due to the pattern of thin filaments that are barely re-oriented from each other that emerges in the mixture after 100 periods. Not surprisingly, the corresponding Poincaré sections in Figs. 2(a) and 5(a) show a great deal of regularity, especially in Fig. 2(a) , rather than chaos. As θ z becomes larger, the distribution of material is "less symmetric" about the z when the rotation about the x begins, so the (τ, bias) pairs, which are now in the pink color spectrum, are no longer on the outer edges of the scatterplot. Next, we observe the large cluster of data points, situated near (τ, bias) = (0, 0) in the scatterplots, that have mostly colors in the white-yellow-orange-red spectrum. From the color-coding convention, these correspond to choices of θ z near 355 • , and choices of θ x that increase proportionately withR. Notice this avoids the "lots of cutting and no shuffling" scenario previously described. Figures 2(b) and 5(b) show such cases for ε z (= ε x ) = 0.15 and ε z (= ε x ) = 0.05, respectively. It appears the dynamics on the 2D invariant surfaces on which the dynamics are restricted for these sets of parameters are fully chaotic, i.e., mixing occurs and no KAM islands or other barriers to transport can be distinguished. This is further supported by considering the Poincaré sections in Fig. 2(b) and 5(b), which exhibit no regularity of any kind.
As mentioned earlier, low-period islands are barriers to transport and they lead to incomplete mixing [3] . An example of period-one KAM islands can be found in Fig. 4(a) , while and example of period-two islands is presented in Fig. 6(a) . Though bias is significant for both of these cases, τ is not very large, showing that a significant "chaotic sea" exists between the islands and the material there is quickly homogenized. This clearly seen in both the mixing patterns and the Poincaré sections in Figs. 4(a) and 6(a), with the islands from the Poincaré sections clearly corresponding to unmixed regions of the same shape.
Independent of low-period structures, some protocols mix very slowly. Examples of such protocols that do eventually homogenize most of the mixture are show in Fig. 4 (b) and 6(b). This is not due to KAM islands because, as the Poincaré sections corresponding to these figures show, there are none on these shells. It is simply that these protocols do not re-orient material effectively due to the choice of rotation angles (i.e., θ z ≈ 360 • ). Consequently, mixing is "suboptimal."
To better summarize the data from the scatterplots in Fig. 3 , in Fig. 7 we show some statistics of the distributions of the values of τ and bias. Clearly, the τ distribution's peak for the case with a thinner flowing layer is shifted to a larger value of τ showing that mixing is generally worse for a thinner flowing layer. However, for both Fig. 7(a) and (b) we see that, for most choices of angles, most shells mix quickly and thoroughly with the poor mixing examples falling in the tails of the distributions. Additionally, when all τ and bias values corresponding to a givenR are averaged over all choices of (θ z , θ x ) a clear trend emerges. LargerR suggest slower and less complete mixing, on average. This can be explained by noting that larger shells have more area, thus mixing is (on average) slower. In addition, the shells with largeR are those that mix the poorest, by far, when θ z and θ x are near 5 • , therefore largeR also correlates with incomplete mixing, on average. One way to motivate this is to realize that for some of the lowest angles of rotation material on the shells with largest radius either never enters the flowing layer or become "stuck" in the flowing layer due to the small rotations about each of the two axes.
Conclusion
The work described here exemplifies the practical difficulty in determining the "best" parameters for "good mixing" in a physically realistic 3D chaotic flow. Both the time to mix and the degree of mixing are important. The τ-bias approach is useful in identifying which parameters result in good mixing according to both of these measures, but does have some drawbacks. First, it requires methodically testing the entire parameter space (here, θ z , θ x , ε x = ε z andR), which is possible due to the availability of a continuum model with an analytic solution [20, 11] . Still, studying mixing would be much more difficult with a more complicated flow model or, worse, no model at all. Second, the τ-bias approach only clarifies "what" protocols mix or do not mix, but not "why" they do or do not. Clarifying the latter still requires interpretation and physical insight. Nevertheless, the results presented here demonstrate a methodology to analyze the quality of mixing in a 3D chaotic system.
